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Abstract
The construction of Bell inequalities based on Platonic and Archimedean
solids (Quantum 4 (2020), 293) is generalized to the case of orbits generated
by the action of some finite groups. A number of examples with considerable
violation of Bell inequalities is presented.
I Introduction
Since the pioneering Bell paper [1] the Bell inequalities became the subject of in-
tensive study (for a review see [2],[3]). Their importance stems from the fact that
their violation at the quantum level provides the evidence that the quantum theory
cannot be viewed as a local realistic theory. Another important notion in physics
is that of symmetry. On the formal level various symmetries are described in the
framework of group theory. Therefore, it appears natural to study Bell inequalities
for the systems described by the sets of states classified by the representations of
some groups. This idea has been proposed in the interesting papers by Gu¨ney and
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†piotr.kosinski@uni.lodz.pl
1
ar
X
iv
:2
00
9.
04
34
7v
1 
 [q
ua
nt-
ph
]  
9 S
ep
 20
20
Hillery [4],[5] and studied in some detail by the present authors [6, 7, 8, 9]. Within
this approach the states of quantum system entering some Bell inequality form the
orbit(s) of a particular unitary representation of some group G. The orbit is chosen
in such a way as to consist of a disjoint sum of subsets, each forming an orthonormal
basis in the space of states. Each such basis provides the spectral decomposition of
some observable. Grouptheoretical methods allow for simple calculation of quantum
bound on the combination of probabilities entering the particular Bell’s inequality.
Computing classical bound calls for more effort. However, one can use here Fine’s
theorem [10] which considerably reduces the relevant combinatorics.
Recently, Tavakoli and Gisin [11] in the very nice paper constructed Bell in-
equalities whose violations are achieved with measurements pointing to the vertices
of the Platonic and Archimedean solids. Again we are dealing with the systems
exhibiting high degree of symmetry; it is the symmetry which makes the Platonic
solids so beautiful. In the present paper we generalize the Tavakoli & Gisin approach
using the tools from elementary group theory. Our starting point is the idea to look
at the Platonic and Archimedean solids (as well as some other threedimensional ob-
jects) as generic and nongeneric orbits of threedimensional representations of some
finite groups (basically, the subgroups of relevant symmetry groups). It appears
that this point of view brings some advantages. We obtain an extremally simple
formula for quantum value of the combination of correlation functions introduced in
[11] under the assumption that our quantum system is described by the maximally
entangled SO(3) singlet state. We find also nice geometric picture, following from
Fine’s theorem and group theory, of classical states saturating Bell inequality. A
number of examples of considerable violation of Bell inequality is presented.
II The general scheme
We consider a Bell experiment with Alice and Bob having a number of possible
settings characterized by the the sets of directions in space, {~vi}NAi=1 and {~wj}NBj=1,
respectively. They measure the spin −1
2
projections in the ~vi (Alice) and ~wj (Bob)
2
directions; the corresponding observables Ai andBj acquire the values±1 depending
on whether the projection is positive or negative.
One expects the Bell inequality to be violated the more the larger is the degree
of entanglement of the state of the system. Therefore, we choose this state to be
the SO(3) singlet
|φ〉 ≡ 1√
2
(|↓↑〉 − |↑↓〉) . (1)
It differs from the state |φ+〉 ≡ 1√
2
(|↑↑〉+ |↓↓〉) used by Tavakoli and Gisin [11];
however it is maximally entangled, TrA (|φ〉 〈φ|) = 121 = TrB (|φ〉 〈φ|) and slightly
more convenient from the theoretical point of view since the relevant correlation
functions are rotationally invariant. Moreover, most results obtained for |φ+〉 remain
valid here (see below).
Simple calculation yields the well-known formula for the correlation function
〈AiBj〉φ ≡ 〈φ| (~vi · ~σ)⊗ (~wj · ~σ) |φ〉 = −~vi · ~wj (2)
which is rotationally invariant as expected.
The Bell inequality we are considering concerns a linear combination of corre-
lation functions
B =
NA∑
i=1
NB∑
j=1
cij 〈AiBj〉 . (3)
Following [11] we adjust the coefficients cij in such a way as to optimize the quantum
bound on B. Therefore, we put
cij = −~vi · ~wj (4)
and eq. (3) takes the form
B = −
NA∑
i=1
NB∑
j=1
(~vi · ~wj) 〈AiBj〉 . (5)
In particular, for the singlet state (1)
B =
NA∑
i=1
NB∑
j=1
(~vi · ~wj)2 . (6)
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In Ref. [11] the directions ~vi, ~wj correspond to the vertices of Platonic solids (and
Archimedean ones). Therefore, they enjoy a high degree of symmetry. In particular,
the most symmetric case corresponds to dual Platonic solids determining Alice and
Bob settings. Dual Platonic solids share the same symmetry group. Guided by this
example we consider the following general situation. Let G = {gα}|G|α=1 (g1 = e)
be some finite group admitting threedimensional real irreducible representation;
some reducible representations can be also considered (see below). We assume that
{vi}NAi=1, {wj}NBj=1 are two arbitrary orbits of G, generated by the representation D(g)
under consideration. The orbits of G are obtained by acting with all matrices D(g)
on some fixed vectors,
~vα = D(gα)~v (7)
~wβ = D(gβ)~w. (8)
For generic ~v (~w) we get |G| vectors ~vα (~wβ). However, it can happen that the
stability subgroup of ~v (~w), Gv (Gw) is nontrivial. Then the vectors ~vα (~wβ) are in
one-to-one correspondence with the cosets in G/Gv (
G/Gw), i.e. ~vα = ~vα′ (~wβ = ~wβ′)
iff gα, gα′ (gβ, gβ′) belong to the same coset of
G/Gv (
G/Gw). Note that
|G|/|Gv | = NA,
|G|/|Gw| = NB.
Consider now the following sum∑
g,g′∈G
(D(g′)~v ·D(g)~w)2 =
∑
g,g∈G
(
~v ·D(g′−1) ·D(g)~w)2
=
∑
g,g′∈G
(
~v ·D((g′−1 · g))~w)2 = |G|∑
g∈G
(~v ·D(g)~w)2
= |G|
3∑
a,b,c,d=1
∑
g∈G
vawbvcwdDab(g)Dcd(g)
(9)
where we have changed the summation indices, g′ → g′, g′−1 · g → g.
By applying the orthogonality relations∑
g∈G
D
(µ)
ab (g)D
(ν)
cd (g) =
|G|
dimD(µ)
δµνδacδbd (10)
and the normalization conditions |~v| = |~w| = 1 we find∑
g,g′∈G
(D(g)~v ·D(g)~w)2 = 1
3
|G|2. (11)
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Now, any term of the sum defining B, eq. (6), enters the left-hand side of (11)
|Gv| · |Gw| times. Therefore, one finds finally the following expression for B for the
maximally entangled state (1)
B = 1
3
NA ·NB. (12)
This is an extremally simple formula in terms of the Alice and Bob numbers of
settings. It is important to point out that the only assumption we made is that G
generates the orbits of Alice and Bob; G does not have to be the full symetry group
of either orbit; the latter is much stronger assumption. For example, the symmetric
group S4 is the symmetry group of the regular tetrahedron which is some nongeneric
orbit of threedimensional representation of S4; however, for judicious choice of initial
vector one can also obtain octahedron which has larger symmetry group S4 × S2.
Consider now the classical bound C on B. Its determination is slightly more
involved. According to Fine’s theorem [10] it is sufficient to compute B, eq. (6), for
all deterministic responses of Alice and Bob pick the largest one [11], [6].
Therefore, we obtain
B ≤ C ≡ max
A1,...,ANA∈{±1}NA
B1,...,BNB∈{±1}NB
(
−
NB∑
j=1
Bj
NA∑
i=1
Ai (~vi · ~wj)
)
= max
A1,...,ANA∈{±1}NA
(
NB∑
j=1
∣∣∣∣∣
NA∑
i=1
Ai (~vi · ~wj)
∣∣∣∣∣
)
.
(13)
The bound (13) can be effectively computed provided NA and NB are not too large.
In order to get more insight into the structure of classical bound let us rewrite
C in the form
C = max
A1,...,ANA∈{±1}NA
B1,...,BNB∈{±1}NB
(
NA∑
i=1
Ai~vi
)
·
(
NB∑
j=1
Bj ~wj
)
(14)
where we have redefined Ai → −Ai. Therefore, C is expressed in terms of scalar
products of vectors which are linear combinations, with the coefficients ±1, of the
elements of Alice (Bob) orbit. The set of such vectors may be classified in group-
theoretical terms. Let us consider a particular combination (for definiteness, we
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consider Alice orbit)
NA∑
i=1
Ai~vi, Ai = ±1. (15)
Let N+A (N
−
A ) be the number of +1 (−1) coefficients entering (15), N+A +N−A = NA.
The group G acts as some subgroup of permutations of the vectors ~vi. Therefore,
by acting with G on the combination (15) one obtains the set of vectors of the
same form with fixed N±A . One concludes that the set of vectors (15) with N
±
A fixed
decomposes into disjoint sum of G orbits. Accordingly, the set of all vectors of the
above form is also a disjoint sum of such orbits. In order to determine their form
it is sufficient to consider the configurations with N+A ≤ N−A ; the remaining one are
obtained by applying space inversion. Once the numbers N+A ≤ N−A are chosen one
picks a particular combination (15). In order to find the orbit obtained by acting
with the elements of G on this combination one has to determine the stability
subgroup. The latter contains those elements of G which permute ~vi’s with the
same coefficients. However, in general it is larger; this is because the initial orbit
{~vi}NAi=1 may contain the subset of vectors which are linearly dependent with the
coefficients ±1 (this is, for example, the case for the cube which contains four pairs
of oposite vectors). The same procedure may be applied to Bob’s orbit. Once this
is completed one can compute C from eq. (14).
Contrary to the quantum bound the above described procedure does not seem
to be more effective than direct evaluation of the bound C from eq. (13). However,
it provides a nice geometrical picture of classical configurations. What is more it
can serve for finding new orbits generated by the same group in order to use them
as a starting point in our construction, i.e. as the initial orbit of Alice and Bob.
As a simple example let us take G = S4 and the regular tetrahedron as its
orbit. S4 is the symmetry group of Platonic tetrahedron; simply, it permutes its
four vertices ~vi, i = 1, 2, 3, 4. Since any three of them are linearly independent the
stability subgroup of any vector (15) consists exactly of all permutations exchanging
vectors ~vi entering (15) with the same sign. Moreover, since our G = S4 involves
all permutations of vertices there is only one orbit corresponding to each N+A . Now,
6
N+A ≤ N−A takes only three values, NA = 0, 1, 2. For NA = 0 the sum (15) is
obviously 0. For NA = 1 one finds tetrahedron twice as large as the initial one. It
is also easy to find the orbit corresponding to N+A = 2. To this end we connect the
middle points of all edges obtaining thus regular octahedron and take the octahedron
four times as large. The length of the vectors forming the vertices of the latter equals
4√
3
.
The orbits with N+A > N
−
A are obtained by inversion. Concluding, the 16
combinations (15) form two trivial orbits of S4, two tetrahedrons in dual position
and one octahedron.
Figure 1: The ”classical” orbits for tetrahedron.
Assume now that Bob’s directions are determined by the vertices of regular
tetrahedron which provides another orbit of S4 (within the same representation).
Note that the tetrahedrons are obtained by acting with the group elements on the
vectors possessing stability subgroups of order 6. S4 has four such subgroups, all
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in one conjugacy class. Taking into account that by inverting the initial vectors
one obtains the tetrahedrons in dual position we conclude that there are only two
tetrahedrons in dual position which form S4 orbits of order 4. For dual tetrahedrons
the sets of vectors (15) coincide.
Assuming that both Alice and Bob settings form regular tetrahedrons gener-
ated by the same representation of S4 we find that their ”classical” configurations
coincide. Therefore, we infer from eq. (14) that the classical bound (14) is simply
the square of the length of the largest vector which gives 16
3
. On the other hand
eq. (12) yields also 16
3
as the quantum bound. Thus there is no violation of Bell’s
inequality in this case.
Some examples of classical configurations which correspond to the violation of
Bell’s inequality and the orbits they generate are presented in Appendix.
III Some examples
Let us consider some examples. In all cases considered below the group G generat-
ing the orbit is either S4 or Oh. The threedimensional irreducible representations
of both groups are explicitly described in Appendix. The sets {~vi}NAi=1, {~wj}NBj=1
of Alice and Bob settings are the orbits of G generated by the action of the rep-
resentation matrices on some carefully selected initial vectors; the latter must be
the eigenvectors, corresponding to the eigenvalue 1, of elements belonging to some
subgroups of G (stability subgroups). These initial vectors, together with explicit
description of the corresponding orbits for all cases considered below, are also given
in the Appendix. We also give there the examples of classical vectors,
∑NA
i=1Ai~vi and∑NB
i=1Bi ~wi, saturating the classical bound (14), as well as the orbits they generate
according to the discussion of the previous section.
The orbits we are considering are:
• tetrahedron - generated by S4
• octahedron - generated by S4 or Oh
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Table 1: Classical bounds and quantum values for various combinations of Alice vs.
Bob orbits.
Alice - Bob Classical bound Quantum value
cuboctahedron - tetrahedron 13.0639 16
cuboctahedron - octahedron 16.9706 24
cuboctahedron - cube 26.1279 32
cuboctahedron - cuboctahedron 40 48
truncated octahedron - tetrahedron 24.7871 32
truncated octahedron - octahedron 42.9325 48
truncated octahedron - cube 49.5742 64
truncated octahedron - cubocthedron 75.8947 96
tetrahedron - octahedron 6.9282 8
cube - octahedron 13.8564 16
• cube - generated by Oh
• cuboctahedron - generated by S4 or Oh
• truncated octahedron - generated by S4 or Oh.
The algorithm described in the previous section can be directly applied to all pairs
of the above solids except the pair tetrahedron - cube (see, however, below). The
results are presented in Table 1.
One can compare some of the above results with those obtained by Tavakoli
and Gisin [11]. For example, for cube - octahedron we find the same value. On the
other hand in the tetrahedron - octahedron case the classical bound obtained here
is better than the one quoted in [11] - 7.82. This is because the relative positions
of solids differ: in [11] they are chosen to be those given by ”PolyhedronData” of
Mathematica’s software while here they are in position described in previous section
resulting from group-theoretical considerations.
The ”classical” numbers presented in Table 1 are approximate values. Indeed,
from eqs. (13), (14) and the forms of ~vi’s and ~w
′
js presented in Appendix it follows
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that they are expressible in terms of square roots of integers. For example, for
octahedron - cuboctahedron the ratio quantum - to classical is 1.4142 ' √2, the
same as for CHSH inequality. It is likely that in this case the set of all Alice and Bob
settings can be decomposed into the subsets leading to the original CHSH inequality
(cf. Sec. 8 of Ref [11]). On Fig. 2 we present some pairs of orbits.
Figure 2: Examples of Alice and Bob settings.
Let us note that even the case tetrahedron - cube can be dealt with groupthe-
oretical method. The cube obtained by acting with elements of Oh on the initial
vector may be viewed as two tetrahedrons in dual position (see Fig. 3).
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Figure 3: Cube as two tetrahedrons in dual position.
Now, cube - cube configuration leads to 64
3
both for classical and quantum
cases. Obviously, for tetrahedron - cube configuration one finds one half of this
result, i.e. 32
3
.
Finally, let us come back to the case of two tetrahedrons. We found no violation
of Bell inequality because tetrahedrons corresponding to Alice and Bob settings
must be dual. The reason for that is that they are nongeneric orbits with stability
groups of order 6. This fact strongly reduces the number of possibilities. Therefore,
we should look for the group for which the generic orbit has four vertices i.e. a
group of order 4. Now, the regular tetrahedron is generated by cyclic subgroup of
S4 of order four, generated by cyclic permutation (1234). So let us take G = Z4 to
be cyclic group of order four. Its threedimensional representation can be obtained
from that of S4 by subducing it to Z4. In the suitably chosen basis it takes the form
11
(for simplicity we write simply g instead of D(g)):
e = I, g1 ≡ g =

−1 0 0
0 0 1
0 −1 0
 , g2 ≡ g2 =

1 0 0
0 −1 0
0 0 −1
 ,
g3 ≡ g3 =

−1 0 0
0 0 1
0 −1 0
 .
(16)
This representation is reducible as the sum of one- and twodimensional ones. The
generic orbits consist of four vertices. Taking
~v1 =

a
b
c
 , a2 + b2 + c2 = 1 (17)
and denoting ~vk+1 = gk~v1, k = 1, 2, 3, one finds
~v2 =

−a
c
−b
 , ~v3 =

a
−b
−c
 , ~v4 =

−a
−c
b
 . (18)
Note that ~v1 · ~v2 = ~v1 · ~v4 = ~v2 · ~v3 = ~v3 · ~v4 = −a2 ≡ cosψ, ~v1 · ~v3 = ~v2 · ~v4 =
a2 − b2 − c2 = cosϕ, (~v2 − ~v4) · (~v1 − ~v3) = 0. The resulting orbit is depicted on
Fig. 4. In particular, taking a2 = b2 = c2 = 1
3
one obtain the regular tetrahedron.
Let us assume that the Alice orbit is the regular tetrahedron (say a = b = c =
1√
3
) while Bob’s orbit corresponds to the vector ~w with arbitrary a, b, c obeying
a2+b2+c2 = 1. First we determine the quantum bound. Eq. (12) cannot be applied
directly since the representation is reducible. Actually, the orthogonality relations
are valid for the representations irreducible in complex domain. Z4 is abelian so
each representation irreducible in complex domain is onedimensional. In fact g1 = g
(and, consequently, all gα, α = 1, 2, 3) can be diagonalized using the unitary matrix
U =

1 0 0
0 1√
2
1√
2
0 i√
2
− i√
2
 (19)
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Figure 4: The generic orbit of Z4.
4
2
j
j
Ψ
1
3
so that (g˜α ≡ U+gU , α = 1, 2, 3)
g˜ ≡ U+gU =

−1 0 0
0 i 0
0 0 −i
 . (20)
Let eµ(g˜α), µ = 1, 2, 3, be the character corresponding to the first, second and third
row of g˜α, respectively. Then any matrix g˜α can be written as
(g˜α)ij =
3∑
µ=1
eµ(g˜α)δiµδjµ. (21)
Using eq. (21) and the orthogonality relations∑
gα∈Z4
eµ(g˜α)eν(g˜α) = 4δµν (22)
one finds∑
gα,gβ∈Z4
(gα~v, gβ ~w)
2 = 4
∑
gα∈G
(~v, gα ~w)
2 = 4
∑
gα∈Z4
∣∣∣(~˜v, g˜α ~˜w)∣∣∣2 = 16 3∑
i=1
|v˜i|2 |w˜i|2
(23)
where ~˜v ≡ U+~v, ~˜w ≡ U+ ~w. Now, vi = 1√3 , i = 1, 2, 3 and by virtue of eq. (19),
|v˜i| = 1√3 . Therefore, eq. (23) yields 163 as the quantum bound. As far as the classical
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bound is concerned one may either classify all orbits consisting of the vectors of the
form (15) and use eq. (14) (again quite nice geometrical picture emerges) or use
directly eq. (13).
The final result reads
C =
1√
3
max (16|a|, 8(|b|+ |c|)) . (24)
Minimal value of C is acquainted for b = ± 2√
5
, c = 0; then
C =
16√
15
<
16
3
(25)
and the Bell inequality is violated.
IV Summary
Tavakoli and Gisin presented a very nice picture relating various settings for Alice
and Bob, which lead to the violation of Bell inequalities, to the geometry of Platonic
solids. We have shown here that one can take as a starting point the symmetry
groups of Platonic solids or, more precisely, the groups generating these solids as
orbits of their threedimensional real representations. This point of view has some
advantages. First, it allows the generalization to various groups and generic and
nongeneric orbits (including, for example, in unified way the Archimedean solids).
Second, it leads to extremally simple expression for the quantum value of B,
given by eq. (5), in terms of the number od Alice’s and Bob’s settings only (eq. (12)).
Third, it provides a nice picture of the configurations (eq. (15)) entering the formula
(14) for the classical bound. It should be also noted that the grouptheoretical
approach determines some natural relative position of the solids determining Alice’s
and Bob’s settings.
Finally, let us show that the choice of |φ〉 instead of |φ+〉, used in Ref. [11],
does not influence the results. |φ+〉 belongs to the triplet representation of the rota-
tion group; consequently, the relevant correlation function is no longer rotationally
invariant 〈
φ+
∣∣ (~vi · ~σ)⊗ (~wj · ~σ) ∣∣φ+〉 = ~vi · Iy ~wj (26)
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where Iy is the reflection in x− z plane. Instead of B defined by eq. (5) we consider
the following one
B =
NA∑
i=1
NB∑
j=1
(~vi · Iy ~wj) 〈AiBj〉 . (27)
In particular, for the |φ+〉 state we get
B =
NA∑
i=1
NB∑
j=1
(~vi · Iy ~wj)2 . (28)
Now, repeating the previous reasoning we find∑
g,g′∈G
(D(g)~v · IyD(g′)~w)2
=
3∑
a,b,c,d,e,f=1
vbvew
′
cw
′
f
∑
g∈G
D(g)abD(g)de
∑
g′∈G
(IyD(g′)Iy)ac (IyD(g′)Iy)df
=
3∑
a,b,c,d,e,f=1
vbvew
′
cw
′
f
|G|2
9
δadδbeδadδcf =
|G|2
3
(29)
because D(g′) and IyD(g′)Iy are equivalent representations and ~w′ = Iy ~w.
As far as classical bound is concerned both formulae, eq. (5) and (27), give the
same results if at least one of the orbits (i.e. defining Alice’s and/or Bob’s settings)
is invariant under reflection in x − z plane. This is, for example, the case for all
pairs of Platonic solids considered in [11] which lead to Bell inequality violation.
Appendix A
Below we present all solids which form the G - orbits appearing in the text.
1. The tetrahedron:
Symmetry group: S4
Orbit generating group: S4 (or Z4)
The initial vector: ~v1 = (1, 0, 0)
The vertices:
v1 = (1, 0, 0), v2 =
(
−1
3
,−
√
2
3
,
√
2
3
)
v3
(
−1
3
, 2
√
2
3
, 0
)
, v4
(
−1
3
,−
√
2
3
,−
√
2
3
)
.
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Figure 5: The tetrahedron.
2. The octahedron:
Symmetry group: Oh
Orbit generating group: S4 or Oh
The initial vector: v1 =
(
1√
3
,
√
2
3
, 0
)
The vertices:
v1 =
(
− 1√
3
, 1√
6
, 1√
2
)
, v2 =
(
1√
3
,− 1√
6
,− 1√
2
)
,
v3 =
(
1√
3
,
√
2
3
, 0
)
, v4 =
(
− 1√
3
,−
√
2
3
, 0
)
,
v5 =
(
− 1√
3
, 1√
6
,− 1√
2
)
, v6 =
(
1√
3
,− 1√
6
, 1√
2
)
.
Figure 6: The octahedron.
3. The cube:
Symmetry group: Oh
16
Orbit generating group: Oh
The initial vector: v1 = (1, 0, 0)
The vertices:
v1 = (1, 0, 0), v2 =
(
−1
3
,−
√
2
3
,
√
2
3
)
,
v3 =
(
−1
3
, 2
√
2
3
, 0
)
, v4 =
(
−1
3
,−
√
2
3
,−
√
2
3
)
,
v5 = (−1, 0, 0), v6 =
(
1
3
,
√
2
3
,−
√
2
3
)
,
v7 =
(
1
3
,−2
√
2
3
, 0
)
, v8 =
(
1
3
,
√
2
3
,
√
2
3
)
.
Figure 7: The cube.
4. The cuboctahedron:
Symmetry group: Oh
Orbit generating group: S4 or Oh
The initial vector: v1 =
(
−
√
2
3
, 1√
3
, 0
)
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The vertices:
v1 =
(
−
√
2
3
, 1√
3
, 0
)
, v2 =
(
0,
√
3
2
, 1
2
)
,
v3 = (0, 0, 1) , v4 =
(
−
√
2
3
,− 1
2
√
3
, 1
2
)
,
v5 =
(√
2
3
,− 1√
3
, 0
)
, v6 =
(
0,−
√
3
2
,−1
2
)
,
v7 = (0, 0,−1) , v8 =
(√
2
3
, 1
2
√
3
,−1
2
)
,
v9 =
(
0,−
√
3
2
, 1
2
)
, v10 =
(
0,
√
3
2
,−1
2
)
,
v11 =
(√
2
3
, 1
2
√
3
, 1
2
)
, v12 =
(
−
√
2
3
,− 1
2
√
3
,−1
2
)
.
Figure 8: The cuboctahedron.
5. The truncated octahedron
Symmetry group: Oh
Orbit generating group: S4 or Oh
The initial vector: v1 =
(√
3
5
, 0,
√
2
5
)
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The vertices:
v1 =
(√
3
5
, 0,
√
2
5
)
, v2 =
(√
3
5
,
√
3
10
, 1√
10
)
,
v3 =
(√
3
5
, 0,−
√
2
5
)
, v4 =
(√
3
5
,
√
3
10
,− 1√
10
)
,
v5 =
(√
3
5
,−
√
3
10
, 1√
10
)
, v6 =
(√
3
5
,−
√
3
10
,− 1√
10
)
,
v7 =
(
−
√
3
5
, 0,
√
2
5
)
, v8 =
(
−
√
3
5
,
√
3
10
, 1√
10
)
,
v9 =
(
−
√
3
5
, 0,−
√
2
5
)
, v10 =
(
−
√
3
5
,
√
3
10
,− 1√
10
)
,
v11 =
(
−
√
3
5
,−
√
3
10
, 1√
10
)
, v12 =
(
−
√
3
5
,−
√
3
10
,− 1√
10
)
,
v13 =
(
− 1√
15
, 2
√
2
15
,−
√
2
5
)
, v14 =
(
1√
15
,
√
5
6
,− 1√
10
)
,
v15 =
(
− 1√
15
, 2
√
2
15
,
√
2
5
)
, v16 =
(
1√
15
,
√
5
6
, 1√
10
)
,
v17 =
(
1√
15
,−2
√
2
15
,
√
2
5
)
, v18 =
(
− 1√
15
,−
√
5
6
, 1√
10
)
,
v19 =
(
1√
15
,−2
√
2
15
,−
√
2
5
)
, v20 =
(
− 1√
15
,−
√
5
6
,− 1√
10
)
,
v21 =
(
− 1√
15
, 1√
30
, 3√
10
)
, v22 =
(
1√
15
,− 1√
30
, 3√
10
)
,
v23 =
(
1√
15
,− 1√
30
,− 3√
10
)
, v24 =
(
− 1√
15
, 1√
30
,− 3√
10
)
.
Figure 9: The truncated octahedron
The example of ”classical” vectors (15) saturating the bound (14) and G-orbits they
generate:
tetrahedron (Alice) - octahedron (Bob)
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Alice’s vector:
∑NA
i=1Ai~vi =
(
2
3
,−4
√
2
3
, 0
)
Bob’s vector:
∑NB
j=1Bj ~wj =
(
2√
3
,−4
√
2
3
, 0
)
The S4 orbits generated by Alice’s and Bob’s vectors are depicted on Fig. 10.
Figure 10: The S4 orbits generated by Alice’s (magenta and blue) and Bob’s (black
and red) vectors.
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Appendix B
The threedimensional irreducible representation of S4 group:
D (12) =

1 0 0
0 1 0
0 0 −1
 , D (13) =

1 0 0
0 −1
2
−
√
3
2
0 −
√
3
2
1
2

D (14) =

−1
3
−
√
2
3
−
√
6
3
−
√
2
3
5
6
−
√
3
6
−
√
6
3
−
√
3
6
1
2
 , D (23) =

1 0 0
0 −1
2
√
3
2
0
√
3
2
1
2

D (24) =

−1
3
−
√
2
3
√
6
3
−
√
2
3
5
6
√
3
6√
6
3
√
3
6
1
2
 , D (34) =

−1
3
√
8
3
0
√
8
3
1
3
0
0 0 1
 .
(30)
The Oh group it the direct product of S4×S2, for that reason the threedimensional
irreducible representation of this group can be presents by 12 matrices expressed
by the irreducible representation of S4 group, desribed by eq. (30), multiplied by 1
and -1.
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